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On the Automorphism Groups of almost all Cayley Graphs 
LAsZLO BABAI AND CHRIS D. GODSIL 
In spite of the difficulties which arise in constructing Cayley graphs with given regular auto-
morphism group G, we conjecture that, unless G belongs to a known class of exceptions, almost all 
Cayley graphs of G have G for their full automorphism group. Here we prove this conjecture for 
nilpotent groups of odd order. 
1. INTRODUCTION 
Let G be a group acting as a regular permutation group on the set V = {I, ... , g}. Let C 
be a subset of G\L, where L denotes the identity element of G. The Cayley digraph X of G 
with respect to C has vertex set V and if a, {3 E G then there is an arc from la to 1{3 iff 
(3a -1 E C. 
X will be an (undirected) graph iff C is inverse-closed, that is, if y E C then y -1 E C. 
Depending on our choice of C we have 2g - 1 Cayley digraphs, i g - 1)/2 of which are Cayley 
graphs if g is odd. 
It is easy to see that G acts as a regular group of automorphisms of X, this is perhaps the 
most important property of Cayley digraphs. An obvious question which now arises is, 
when is G actually the full automorphism group of X? 
A Cayley digraph X of G such that Aut(X) = G is called a digraphical regular 
representation which is usually abbreviated to DRR. The corresponding abbreviation for 
graphs is GRR. 
Most of the previous work on the above question has been devoted to determining which 
groups have at least one GRR (see [7, 8,11,13,15]). This GRR was always found by direct 
construction; the proof that a given construction actually worked was often complicated. 
Despite the difficulties which arose in showing that a given group had even one GRR, 
the conviction developed in some quarters that almost all Cayley graphs of a given large 
group G should be GRRs of G, unless G belonged to a known class of groups, the 
members of which admitted no GRRs at all. (This class consists of the abelian groups with 
exponent at least three and the generalized dicyclic groups; the latter will be defined in 
Section 2.) 
The main result of this paper can be stated as follows: 
THEOREM 1.1. Let G be a nilpotent non-abelian group of odd order g. Then almost all 
Cayley graphs of G have G as their full automorphism group. 
(By "almost all" we mean that there are only 0(ig - 1)/2) exceptions, where g ~ 00.) A 
complete statement of the theorem is given at the end of Section 2. 
This theorem generalizes part of the results from [9], where the same conclusion is 
derived for those non-abelian p-groups with no homomorphism onto 7L p wr 7L p , the Sylow 
p-subgroup of the symmetric group on p2 letters. (Here p = 2 is allowed.) 
2. PRELIMINARIES 
In this section we iritroduce some terminology, provide more background and state the 
result of the paper. 
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We introduce some of our group-theoretic terminology. Let H be a group. If a, {3 E H 
then a!3 := (3-1 a{3. If K ~H then NH(K) is the normalizer of Kin H. 
The symmetric group on a set V will be denoted by Sym( V). A permutation group on V 
is called regular if it acts transitively, but the only element fixing a point in V is the identity. 
For H ~ Sym( V) and i E V, Hi denotes the stabilizer subgroup of H. (Subscripts on groups 
will be reserved for this use.) 
A finite group is nilpotent if it is the direct product of its Sylow subgroups. (All groups in 
this paper are finite.) A non-abelian group G is generalized dicyclic if it has an abelian 
normal subgroup A of index 2 and an element a E G\A of order 4 such that if 'Y E A then 
ex -1 
'Y ='Y . 
Any unexplained group-theoretic notation or terminology is standard and is consistent, 
for example, with the usage in [12] and [18]. 
By a random member of a finite collection J{ of objects we mean a random variable x 
taking values in J{ such that Prob(x = x) = l/IJCI for each x E J{. It is in this sense that we 
shall talk about random subsets of a set. In particular, a random Cayley digraph of a group 
G is the Cayley digraph associated with a random subset C of G\t. This way the g -1 events 
'Y E C( 'Y E G\t) are completely independent, with Probe 'Y E C) = t for each 'Y. The 
definition of a random Cayley graph requires a random inverse-closed subset C. If IGI = g 
is odd, there are i g- 1)/2 such subsets. If 'Yb ... , 'Y(g-1)/2 are distinct elements of G neither 
of which is the inverse of any other, then the events 'Yi E C (i = 1, ... , (g -1)/2) are 
completely independent, each with probability t. 
We are now in a position to state the conjecture which led to the work in this paper. To 
understand this conjecture, it is useful to know the results of the classification of groups 
with GRRs. We now summarize this briefly. 
Sabidussi [16] and Chao [6] observed that abelian groups of exponent :33 admit no 
GRRs. 
Nowitz [14] and Watkins [17] have added generalized dicyclic groups to this list. It is 
now known that apart from these and 13 other groups of orders ~32, all finite groups 
admit a GRR [7,8]. The following has been conjectured by Imrich, Lovasz and the present 
authors. 
CONJECTURE 2.1. Let G be a finite group of order g which is neither abelian of 
exponent:33 nor generalized dicyclic. Then the probability that a random Cayley graph of 
G is a GRR tends to 1 (as g ~ 00). 
The situation is simpler for digraphs. Except for five groups of orders ~16, every group 
admits a DRR [2, 3]. Similarly to 2.1, we conjecture that for arbitrary finite groups, almost 
all Cayley digraphs are DRRs. 
THEOREM 2.2. Let G be a nilpotent group of odd order g. Let X be a random Cayley 
digraph or Cayley graph for G. In the undirected case we assume in addiJjon that G is not 
abelian. Then the probability that Aut(X) ¥- G is less than (0·91 +o(l))~g. 
3. GROUP THEORY 
Our starting point is the following lemma [1; 4, Corollary 6.17]. 
LEMMA 3.1. Let G be a group on g elements. Then 
(a) the probability that a random subset of G is fixed by some non-identity automorphism 
of G is less than 
2-g/4+00g2g)2. 
, 
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(b) if 0 is neither abelian nor generalized dicyclic then the probability that a random 
inverse-closed subset of 0 is fixed by some non-identity automorphism of 0 is less than 
2-g/ 32+(Iog2 g )2. 
This lemma tells us that a random subset C is unlikely to have a certain property. The 
next result provides information on the structure of the automorphism group of Cayley 
graphs constructed from the subsets C which do not have this property. 
Below 0 is always a regular permutation group of order g, acting on the set {1, .... , g}. 
LEMMA 3.2. Suppose C is a subset of 0 such that any automorphism of 0 which fixes 
C is trivial. Assume 0 is nilpotent of odd order and let X be the Cayley digraph of 0 with 
respect to C. Then, either 
(a) Aut(X) = 0 or 
(b) Aut(X) contains a subgroup B such that 
(i) 0 is a maximal but not a normal subgroup of B, 
(ii) there is a non-identity subgroup N of 0 such that N ::;;! B, each of the orbits of N is 
fixed by the stabilizer BI and, consequently, the actions of Band 0 on this set of orbits 
agree. 
PROOF. Since no automorphism of 0 fixes C it follows that the normalizer of 0 in 
A = Aut(X) is 0 itself (this is a straightforward exercise, but a less industrious reader will 
find a somewhat more general result proved as [9, Corollary 2.3(a)]). Suppose A¥- O. 
Then 0 is a maximal subgroup of some subgroup B of A. Clearly N B ( 0) = O. Let N be the 
largest normal subgroup of B contained in O. 
If S s;; B then we denote by S its image under the natural homomorphism from B onto 
B/ N. We present the remainder of the proof in a series of steps: 
(a) lal and IB: 01 are coprime. 
Since N:so; 0 it follows that a is a self-normalizing nilpotent maximal subgroup of E. 
Let P be a Sylow p-subgroup of a. As P is a subgroup of 0 properly containing N, P~ B. 
Hence P~ E and since a is nilpotent this implies that N jj (P) = a. Therefore P is a Sylow 
p-subgroup of E, for otherwise N jj (P) would contain a p-subgroup of E strictly 
greater than P and this subgroup could not lie in a. 
As our choice of p was arbitrary, it follows that a Sylow subgroup of a is a Sylow 
subgroup of E, which yields our claim. 
(b) E contains a normal subgroup £1 such that 
Mna=(L) and IMI=IB:OI. 
Let P by a Sylow p-subgroup of a. Let K be the subgroup Z (J (P)). The definition and 
properties of this subgroup will be found in [10, Chapter 8, Theorem 3.1]. What we need is 
that K is a characteristic subgroup of P and that, provided p is odd, E has a normal 
p-complement if Njj(K) does. 
Since K is characteristic in P and P::;;! a, K ::;;! a. Arguing as in (a), we see that 
Njj(K) = a and so Njj(K) does have a normal p-complement. Accordingly E itself has a 
normal p-complement. Once again our choice of Sylow subgroup in a was arbitrary and so 
it follows that E contains a normal subgroup £1 of order coprime to a such that Ma = E. 
Since (1£11, lai) = 1 we also find that £1 n a = (L) and 1£11 = IE : al = IB : 01. 
(c) M=E 1 • 
Since 0 is transitive B = B10 and since 0 is regular, 0 nBI = (t). Therefore, IBII = 
IB: 01 and a are coprime. As BI nN = (t), we have 
BI = Bt/(B nN)=B1N/N =E1• 
12 L. Babai and C. D. Godsil 
Now M ~B, so B1M~B. The order of B1M equals IB11IM:MnBll and is therefore 
coprime to 101. Consequently IB1MI ~ IB: 01. Since both IBll and IMI equallB: GI, it 
follows that B! = M. 
(d) Each of the orbits of N is fixed by Bl and N ¥- L. 
From ( c) we conclude that B IN IN is normal in BIN and so B IN ~ B. Since B is 
transitive it follows that B IN = BvN for each vertex v in X. Since N ~ B, its orbits are 
blocks for B. Hence B1N fixes the orbit of N containing 1. However, for each v in X, 
B1N = BvN, and so B1N fixes the orbit of N containing v. Now N = L would imply 
Bl = L, hence B = G, a contradiction. Thus our claim is proved. 
4. PROBABILITY ESTIMATES 
Henceforth, let G be a regular permutation group acting On V = {I, ... ,g}. Let N 
denote a non-trivial proper normal subgroup of G. Let INI = n, IG:NI = b = gin. Let us 
select coset representatives 'Yi (i = 1, ... , b) of G mod N. We may choose the 'Yi so that 
1'1 = L and the inverse of each 'Yi is also one of the representatives (because GIN has odd 
order). We endow the index set with the multiplicative structure of GIN, i.e. we write 'Yir
' 
for the representative of the coset 'Yi'Y i 1 N. 
For some Vo E V, set Oi = VO'YiN. The Oi are the orbits of N. N acts regularly on each Oi, 
and therefore IOd = n. 
Let X be a Cayley digraph of G. 
We denote by F the largest subgroup of Aut X which normalizes N and under which 
each orbit of N is invariant. Clearly, F;;. N. 
Let S denote the set of outneighbors of Vo in X. Set Si = S n Oi (1 ~ i ~ b). Let Fi denote 
the restriction of the stabilizer Fvo to Oi. 
LEMMA 4.1. Assume that none of the Si, i = 2, ... ,b, is invariant under any non-
identity element of the corresponding group Fi. Then F = N. 
PROOF. It suffices to prove that F is semiregular. We claim that for any vertex v, the 
stabilizer Fv fixes every vertex outside the orbit vN. The proposition then follows by using 
a vertex we vN in the role of v to prove that Fv fixes the vertices in the orbit of v as well. 
Let v = Vo'Y for some 'Y E G. Then Fv = 'Y -1 Fvo 'Y, hence we only have to prove the claim 
for v = Vo. 
Let IL E FVQ' The set S is invariant under IL (since IL E Aut X) and therefore each Si is 
invariant. Then, by condition, IL I Oi = L. 
Henceforth, X is a random Cayley graph (Cayley digraph, resp.) of G. 
LEMMA 4.2. Let cfJi denote the event that there exists cp E Fvo which acts non-trivially on 
Oi' Then for i = 2, ... , b we have 
Prob (cfJi ) < (0·91 + o (l))",g. 
PROOF 
Case 1. n ;;. .Jg, 
Let Li denote the normalizer in Sym(Oi) of N i =NIOi. The group N i acts regularly, 
hence so does its centralizer in Sym(Oi)' Therefore, 
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We claim that any non-identity member of L j fixes at most n/2 elements of OJ. As a 
matter of fact, if v E OJ is fixed by some a E L j then the set {,B EN: v,B = v,Ba} is a subgroup 
of N. 
Therefore, the probability that the random subset Sj of 0, is invariant under any 
particular a ELi, a #- L is at most 2- n/ 4 • Now FIOj ,,;;; L j , hence 
Note that the fact that S, is random for i #- 0 (Le. every subset of 0, has the same 
probability of being S;) rests, in the undirected graph case, On our assumption that G has 
odd order. In fact, it would suffice to assume that the order of G/ N is odd. 
Case 2. n < ../g. 
For any vertex u, let u(u, j) denote the set of outneighbors of u in Si' 
For u, v E 0, (u #- v), let 1fJ'(u, v, j) denote the event that 
lu(u, j)1 == lu(v, j)1 mod 2. 
Claim. For any Uh U2 E 0 " if the indices satisfy i~{I,j,/} and j#- 1, then 
Prob(1fJ' (ut, U2, j),,;;; l (We recall that multiplication of the indices is defined by the group 
operation in G/ N.) 
First of all we find an expression for IT(u,, j) in terms of the S,. Clearly, if Ur = VO'Yi<l'r 
(r = 1,2) (a. EN), then 
Now Sj and SrI 'Y,a, are independent random subsets of OJ. (For their independence we 
need j #- ji- 1 and in the undirected graph case additionally r 1 #- ji-1.) Now we have 
Let A denote the event that Sll l l = Sja;:1 . Obviously, Prob(A) ,,;;; t . Under the condition A 
(A false), clearly the probabiHty of lu(ul, j)1 == IU(U2,j)1 mod 2 is equal to!' Summarizing, 
we have 
Prob(1fJ'(ul, U2, j) = Prob(A) + Prob(1fJ'IA)Prob(A) = Prob(A) + (1- Prob(A»)/2,,;;;~. 
This proves the claim. 
Given i ;e 1, let us now select a maximal set of indices J = {h, .. . ,j.} £= {2, ... , b} such that 
J r, Ji- 1 = 0 and i '" j, / for any j E J. Using the assumption that G/ N has odd order, one 
can easily see that s;;. (b - 3)/3. Now it is clear that for any Ul '" U2, Ut. U;. E OJ, the events 
{1fJ'(Ul, Uz, j) : j E J} are completely independent, since they are determined by disjoint 
pairs of 25 independently chosen random sets {{Sj> Sr'}' Denoting by lh (Ulo U2 ) the 
conjunction I\jEI 1fJ'(Ulo U2, j), our conclusion is 
Finally, we have to observe that if ",(Ul) = Uz for some", E Fvo then lu(u i> j)1 :;;: IlT(U2, j)1 
for allj and therefore the probability that such a '" exists is less than (~)b/3-1. Consequently, 
Prob( (/);) < G) (~) b/ 3 - 1 < (~)"/g;3(l+ O (1)) < (0 ·91 + o (1) ..Ig. 
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COROLLARY 4.3. .j'[he probability that the condition of Lemma 4.1 is satisfied is greater 
than 1-(0·91+0(1)) g. 
PROOF. The condition of Lemma 4.1 is that none of the events !Pi (i = 2, ... , b) 
occurs, and therefore its probability is greater than 
1- f Prob(!Pi );;::1-b(0·91+0(1)).jg=1-(0·91+0(1)).jg. 
i~2 
5. CONCLUSION 
We are now ready to prove Theorem 2.2. Let G be a nilpotent group of odd order g. Let 
C be a random subset (random inverse-closed subset, resp.), and X the corresponding 
Cayley digraph (Cayley graph, resp.). In the undirected graph case also assume that G is 
not abelian. 
Let R denote the event that Aut X = G. We cover R, the complement of R by a set of 
events. Let A be the event that C is invariant under some non-trivial automorphism of G. 
For N, a non-trivial proper normal subgroup of G, let F(N) denote the largest subgroup of 
Aut X which normalizes N and under which each orbit of N is invariant. Let B (N) denote 
the event that F(N) rf N. 
By Lemma 3.2, R implies either A or B(N) for some N. As a matter of fact, using the 
notation of Lemma 3.2, F(N) ;;::B 1• Now if Bl ~N, then Bl ~Nl = t, hence IBI = IGI, a 
contradiction. 
By Lemma 3.1, Prob(A) < T g / 32(1+o(1)). By Lemma 4.1 and Corollary 4.3, 
. ..Iv Prob(B(N)) < (0·91 + 0(1)) i(. Consequently, 
Prob(R) ~ Prob(A) + L Prob(B(N)) ~ (0·91 + o (1)).jg, 
N 
taking into account the fact that the number of terms in the above sum does not exceed the 
total number of subgroups of G, which in turn is less than g\Og2i( (since every subgroup is 
generated by at most log2g elements). 
REMARK 5.1. We remark that the automorphism group of a tournament has odd 
order, and every group of odd order (except Z~ and Z~) admits a DRR which is a tourna-
ment [5]. There is an analogous conjecture to 2.1, for Cayley tournaments and groups 
of odd order. We note that the proof of Theorem 2.2 can simply be adapted to prove 
that the same holds for random Cayley tournaments and any nilpotent group of odd 
order as well. 
REMARK 5.2. If G is abelian of odd order, then it admits no GRR, since for every 
Cayley graph X the map 1 y~ 1 y-l (y E G) will be a non-identity element in Aut(Xh. In 
this case, the natural question is whether almost all Cayley graphs X of G satisfy 
IAut(X)1 = 21GI. We conjecture that the answer is yes. We have a partial result: 
THEOREM 5.3. Let G be an abelian group of order g == -1 mod 4. Then, for almost all 
Cayley graphs X of G, IAut(X)1 = 21GI. 
What we actually prove in this case is that Aut(X) (\ Alt(g) = G (Alt(g) denotes the 
alternating group of degree g). With this trick, the proof goes exactly like -that of Theorem 
2.2. Unfortunately, this does not work for g == 1 mod 4 since the inversion is then an even 
permutation. 
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